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Estimation of Transonic Aircraft Aerodynamics
to High Angles of Attack

John A. Axelson*
NASA Ames Research Center, Moffett Field, Calif.

A recently developed method for estimating transonic aircraft lift and induced drag to high angles of attack is
described. Induced drag constitutes the major drag component at the higher angles; estimation of aircraft total
drag coefficients requires the addition of suitable input minimum drag coefficients not evaluated in the present
method. Following theoretical and empirical guidelines, explicit nonlinear equations are formulated for sub-
sonic, transonic, and supersonic speeds; new algorithms are used for assessing compressibility effects and for
analyzing transonic, shock-dominated flows that adhere to Laitone's limit Mach-number criterion. Viscous-
dominated flows are not analyzed. The transonic influence of viscosity is accommodated indirectly by assigning
designated inputs rather than extracted solutions for the chordwise locations of shock and separation. The
method is extended to complete aircraft configurations by including accounts for nose lift, wing downwash field,
and tail lift. Several comparisons of experiment and estimate are included.

Nomenclature
A = aspect ratio
b = span
CDt cd = drag coefficient
CL, cf = lift coefficient
CP = pressure coefficient
c = chord
c = wing mean aerodynamic chord
d =1.5- (M/4)cosAle for M< 1

= 1.5-(M2/4)cosA/e for 1 <M
F - compressibility factor
f, = tail length from c/4
M = stream Mach number
PTl = stream total pressure
p2 = local static pressure
TR = taper ratio
r/c = leading-edge radius-to-chord ratio
S = area
tic - thickness-to-chord ratio
V - stream velocity
v = downwash velocity
x,y = Cartesian coordinates
y0 = tail height from extended wing plane
a = angle of attack
7 = ratio of specific heats for air
e = downwash angle
A = sweep angle

Subscripts
d = detached shock
e = leading-edge Mach limit condition
/ = induced
£ = lower surface
loc = local
le = leading edge
lim = limit value
m = at maximum lift
sep = separation
T = trailing edge
u = upper surface
w = wake

x
2

- x component
= downstream of shock
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Superscript
( ) = effective value, taking into account variation with

angle of attack; e.g., A = sin ~ 7 (sinAcoso;)

1. Introduction

T HE transonic Mach number range encompasses the upper
boundaries of most commercial jet-transport opearations

and constitutes the primary arena for military aerial combat.
No exact analytical method is available for estimating
transonic aerodynamics to high angles of attack, but analytic
methods are needed to estimate aircraft maneuvering per-
formance. A method that has been used in several recent,
computerized studies1 of conceptual designs and op-
timizations is described here.

The unavailability of any rigorous method for calculating
three-dimensional aerodynamic characteristics to high angles
of attack was discussed by Smith in the 1974 AIAA Wright
Brothers Lecture2 and also in a more recent survey3 of the
application of computers to fluid dynamics. It is speculated in
the latter that such a program might be available by the end of
the decade. The pacing item cited in both of these reports is
the current inability to account adequately for the influence of
viscosity.

The present method is based on the premises that transonic
flows past airfoils at high angles of attack are dominated by
shock waves and that the local limiting Mach numbers and
shock strengths are in conformance with Laitone's limit
Mach-number criterion.4 The primary role relegated to
viscosity is its influence on the chordwise location of the
shock wave and separation. These locations are not solved;
rather they are incorporated as designated inputs and can be
varied parametrically. The effects of varying the shock
location are described in the correlations with experimental
data. Pressure distributions and flow visualizations, when
available, are useful aids in the choice of limit shock location.

New compressibility factors are introduced for the upper
and lower surfaces of the wing. A nonlinear lift equation
derived from the integration of downwash momentum is
applied to three-dimensional, transonic flows containing limit
shock waves and possibly related rotational flows. This
equation is referred to as the nonpotential lift equation. The
method is incorporated in the AEROX computer program,
which is applicable to wings and to aircraft configurations.
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The program accepts input values for the minimum drag
coefficients and includes an option for estimating
longitudinal trim drag. The effects of the propulsion system
are not evaluated.

II. Approach

A. Flow Regimes
The formulations in the present method are organized

according to the various flow regimes depicted in Fig. 1. Each
regime is identified by a characteristic or dominant flow
feature, and the boundaries between the zones are related to
the most pertinent flow or geometric parameters.

Zone 1 encompasses the viscous stall region, where viscosity
is considered the dominant flow feature. This regime and the
delineation of its boundary are not covered in the present
method. The compressible and shock-free regime, zone 2,
adheres fairly closely to the traditional concept of com-
pressible potential flow, except that new versions of com-
pressibility factors are used here in order to cover large angles
of attack and to be continuous through a Mach number of
one. Zone 3 involves a new concept: the occurrence of the
local limit Mach number at the leading edge. In this flow
regime, the leading-edge thrust reaches a limiting value, and
the additional lift is characterized as flat-plate nonpotential
loading rather than potential lift. The onset of the leading-
edge Mach-limited flow, zone 3, is estimated by the ote
equation derived later.

The surface Mach-limited flow regime, zone 4, involves the
application of the Laitone limit Mach number along the upper
surface to the designated shock location. The onset of zone 4
is specified when the lift estimated by the formulas for either
zone 2 or 3 reaches the limit value specified for zone 4. This is
the only zone in which shock location need be specified.
Finally, the supersonic zone 5, lying to the right of the sonic
leading-edge boundary (M co$A\ e = 1), includes attached and
detached bow shocks. Primary interest here is in the detached-
shock case, which covers all conventional airfoils that have
blunted leading edges.

B. Compressible (Shock-Free) Flow (Zone 2)
The aerodynamics for three-dimensional, compressible,

shock-free flow are calculated from the equations developed
below. The Prandtl aspect-ratio transformation and the
cosine sweep (c/4) factor are applied to the incompressible,
potential theory of Kutta-Joukowski [Eqs. (1-4)].

The two-dimensional incompressible relations are given by

40

c, = (1)

(2)

and the three-dimensional incompressible relations are given
by

(3)

(4)

+2]

CL = 27rsinacosA[,4 / (A + 2) ]

Compressible relations are obtained by applying separate
compressibility factors to the lift components of the upper
and lower surfaces of the airfoil [Eqs. (5-7)]

CL = 2*sinacosA[,4/ (A+2)\[(Fu + Ft) I A

+ (dFu I da ) sina + F, cosa]

(5)

(6)

(7)
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Fig. 2 Variation of section lift coefficient with Mach number for the
N ACA 64A010 airfoil at constant angles of attack.6

The compressibility factor Fu for the upper-surface lift is a
form of the Prandtl-Glauert factor modified through a
parabolic attenuation to a value of unity at maximum lift (set

V7-M2cos2A (8)

The rationale behind the attenuation in Eq. (8) is that the
unaltered Prandtl-Glauert factor is derivable from the
linearized perturbation potential, as demonstrated in Ref. 5,
and would not be expected to apply at large angles of attack.
Experimental evidence confirming the need for attenuation is
shown in Fig. 2,6 where a general flattening of the curves
occurs for high angles of attack. The factor Fu is used only in
zone 2 (M< 0.9).

The compresibility factor Ff for the lower surface lift is
used in zones 2, 3, and 4 and involves a pitot compressibility
factor modified for the effects of leading-edge sweep and
angle of attack

where the compressible factors F—f(Mt A, a ) .

(9)
The factor given by Eq. (9) is the ratio of the leading-edge
stagnation pressure in compressible flow to that in in-
compressible flow. The use of a separate compressibility
factor for the lower surface lift was investigated long ago by
Chaplygin.7

C. Leading-Edge Mach-Limited Flow (Zone 3)
The present method uses analytical flow models for the two

transonic flows in which the limiting Mach number is reached
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at the leading edge or on the airfoil upper surface. Examples
of both flows are typified by the pressure distributions of Fig.
3.6 The pressure coefficients for the upper surface exhibit the
leading-edge peaks for the lower Mach numbers and assume
the flattened loading forward at the higher Mach numbers.
The limit pressure coefficients (listed by the symbols) are
approached closely at all but the lowest Mach number, where
an angle of attack higher than 6.2° would be required. Note
the negative pressure coefficients extending to the trailing
edge at the two higher Mach numbers, an indication of
separation over the aft portion of the airfoil for flow iden-
tified here as zone 4.

A summary of the minimum pressure coefficients from a
large number of tests,6'8"10 including two- and three-
dimensional flows, is presented in Fig. 4. The points are
identified according to the location of measurements, i.e., in
the curvilinear flow around the leading edge, or in the
essentially rectilinear flow along the airfoil surface. The
surface values are in excellent agreement with the limit
pressure coefficients of the Laitone criterion, based on rec-
tilinear flow through a normal shock. The leading-edge
coefficients exhibit more negative values, but recent laser
velocimeter measurements indicate local Mach numbers close
to the Laitone value.

In order to estimate the onset of the limit Mach number at
the leading edge, i.e., the boundary between zones 2 and 3,
equations involving the local surface curvature are used.

M C0PLIM
O 0.31 - 10.40
O 0.51 - 3.60

0.61 - 2.46
0.71 - 1.73
0.82- 1.20

Q 0.85- 1.09

Fig. 3

.1 .2 o3 A .5 .6 .7 .8 .9 i.O
CHORDWISE STATION, x/c

Pressure distribution for the NACA 64A010 airfoil

Equation (10) expresses the maximum local velocity ratio for
potential flow around a parabolic leading edge11

(10)

Equation ( I I ) is the general isentroplc relationship between
local velocity and local Mach number.

Set

the Laitone limit Mach number, to obtain

(Vel V) max = L236^6J'4~(77M2T~

Equating Eqs. (10) and (12) leads to Eq. (13) for <xe.

\fL528-0.695,

(12)

(13)

The onset of the limit Mach number on the leading edge
implies the occurrence of "semichoked" local flow and no
further increase in leading-edge thrust with further increase in
angle of attack above ae. The Sift in zone 3 is evaluated in Eq.
(14) as the sum of the potential lift at ae and the additional
increment of nonpotential lift for the angle increment above
ae.

(14)

The general shape of nonpotential lift curves are compared
to potential theory in Fig. 5. The high values of section lift
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Fig0 5 Nonlinear two-dimensional lift eaarves.

-4.0

-3.2

Fig. 4 Minimum pressure coefficients m transonic flow.
-1.6

-.8

O LEADING EDGE

O SURFACE

.8

M

1.0 1.2 1.4 1.6



556 J.A. AXELSON J. AIRCRAFT

SONIC LINE. SHOCK
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Figo 6 Downwash momentum integral for nonpotential model.

coefficient indicated by the Kutta-Joukowski potential
equation are not realized in real flows at high angles of attack,
because of the occurrence of viscous stall at low speeds,
typified by the circular data points,12 or because of the onset
of local Mach-limited flows at transonic speeds, typified by
the triangular data points.13 The intermediate curve
represents a generalized, nonpotential lift curve that might be
expected to correlate transonic thin-airfoil data characterized
by the onset of the leading-edge Mach limit, the loss of
leading-edge suction, or the development of flat-plate
loading. A representative nonpotential lift equation (shown
graphically in Fig. 6) is derived in Eqs. (15-20) from an in-
tegration of the downwash momentum in the vertical plane
through the trailing edge.

sin2 a
/- ——————rl + (y/xT)2 (15)

(16)

cosaxT

X2
TSm2 (X\J -c

\ x2
T+y2

y2)

cos2a[l — (sin2 a) / 2]

(17)

(18)

= Trcosa (2sin^a + 2cos2a — 4s\n2ot — 3sin2acos2a)
(19)

cd. = cf tana (20)

Two simplifying assumptions are made in the analytical
modeL First, the nondimensionalized downwash attenuation
factor (1/(1 +y2/x2

T) from potential flow is used in the
momentum integration. Second, the velocity leaving the
trailing edge is set equal to V cosa. This is the simplest
velocity vector that satisfies the boundary conditions of zero
lift at 0° and 90° angles of attack and provides for stream
velocity V at the trailing edge at 0°. It also implies trailing-
edge pressure coefficients in the range of 0 to 0.2 typified in
experiments (Fig. 3) prior to the onset of marked separation.

The nonpotential lift increments are adjusted by the same
aspect-ratio and lower-surface compressibility factors as
applied to potential lift increments. The maximum value of
the nonpotential lift, computed from Eq. (18), occurs at 31°
angle of attack.

D. Surface Mach-Limited Aerodynamics (Zone 4)
The conceptual flow model depicting surface Mach-

number-limited flow is shown in Fig. 7 and Eqs. (21-25)

d(P2/PT])
dMlloc

(21)

(22)

Fig. 7 Surface Mach-number-limited transonic flow.

= (CL + CL(tana)

(24)

(25)

The component of Mach number normal to the leading edge is
less than or equal to unity. Laitone4 used the maxima of the
derivative of the pressure ratio with respect to the local Mach
number ahead of the shock to define the limit Mach number,
Eq. (22). The limit pressure coefficient given in Eq. (23)
accounts for sweep or obliqueness of the shock and reduces to
Laitone's pressure coefficient for zero sweep.

The lift on the upper surface is evaluated in Eq. (24) as the
limit pressure coefficient multiplied by the fraction of the
chord ahead of the shock plus the pressure coefficient behind
the shock linearly attenuated to zero at the trailing edge and
multiplied by the remaining fraction of the chord. Flow
separation at the shock is assumed to take place when the limit
surface Mach number is reached. The separation drag
coefficient given by Eq. (21) accounts for the momentum
decrement in the separated wake. The wake is modeled to
have a linear velocity profile whose upper edge follows a line
from the base of the shock at an inclination of half of the
angle of attack.

The lower-surface lift coefficient of Eq. (24) is the com-
pressible, nonpotential value. To provide mathematical
smoothness and agreement with experiments throughout
transonic Mach numbers, tan a in Eq. (25) is varied ex-
ponentially with Mach number. Note that, although the limit
Mach number is constant, the lift and induced drag
coefiicients in zone 4 vary with a and with M, including the
dependency on CPlim and fe.

Eo Supersonic Flow (Zone 5)
As the component of freestrearn Mach number normal to

the leading edge traverses unity, the shock on the upper
surface moves to the trailing edge, and bow shocks appear at
the leading edge. For the majority of cases, blunt airfoils are
used, and the bow shocks are detached. The following em-
pirical equations [Eqs. (26-32)] will be shown to give
reasonable agreement with experiment for Mach numbers up
to 2.0. They are based on the nonpotential equations derived
earlier with an aspect-ratio factor approaching unity at high
supersonic Mach numbers.

CL = CLu + CLf

CL = lesser of

0.32 \
~M^?

(26)

(27)

(28)
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dCL

^ • 2 / , Sin2a\c( = 27rsinacos a. I 1 — -——\

CP

M2

^ }

(29)

(30)

HI. Application to Complete Aircraft Configurations
The foregoing discussion dealt with the estimation of the

lift on the wing to high angles of attack. In order to estimate
complete aircraft aerodynamics, the force contributions of
the other components are evaluated. In the present
calculations, no account is made for forces on inlets, nacelles,
or afterbodies. The afterbody is assumed to be aligned closely
with the flow leaving the wing trailing edge (undeflected flap).

+ lesser of
A+2/M 2M2/3

CD. =

(GU)
(3D

(32)

Here GU= 1 =(Af-0.2) ~ * if M>1.2; GL = 0.7 = 1.6-0.6M
ifM<1.5.

A transition is made in the upper-surface limit pressure
coefficient of Laitone to the empirical value suggested by
Mayer.14 The proportion of the total lift contributed by the
upper surface decreases with increasing supersonic Mach
number and minimizes the importance of the supersonic limit
pressure coefficient. A summary of the equations for the lift
and induced drag coefficients for the wings in each of the flow
regimes is presented in Table 1.
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(ZONE NUMBERS SHOWN)
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Fig. 9 Lift and induced drag for the F4C at M= 1.2.
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Fig. 8 Lift and induced drag for the F4C at M = 0.9.
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Fig. 10 Lift and induced drag for the F-5A at M = 0»8.

Table 1 Summary of aerodynamics and flow regimes

Zone Dominant feature Three-dimensional lift and induced drag coefficients for wings

Boundary 1-2
2

Boundary 2-3
3

Boundary 2-4 or 3-4
4

Boundary 4-5
5

Viscous separation

Compressible
shock-free
SeeEq. (13)foro:£,
Leading-edge
Mach-number

,
Surface Mach-
number

McosAj e = 1
Supersonic

Not covered
Not covered

CL=27rs'ma[A/(A+2)]cosK[(Fu+F()/2] CDi = CL
2/wA

f transitional CL= (CLz=2) ae+^(dCi/da) z=3(a-ae) (1+F()
CL - greater of <

(^nonpotentialCL = 7rsino!cos2a [7- (s in 2 a/2) j [A/(A-\-2) ]cosA(7+F f)

CD/= (CL
 2/irA) +CL(tana) d

CL = tCPiim( x / c^ + 1/2CP2(1 ~x/c)Icosa +Ff7rsino;cos2a(1 -sir\2a/2) (A/(A +2)cosA

CD, = (CL
2/irA)+ CL(iana) d + CD

CLw = lesser of <

Cl( = c(/2{A /(A+ 2/M) ] ( CP
CD/=CLtana

(l/M2)[l-(0.32/M2-5)]cosa

(cf/2M2/3)[A/(A+2/M)](GU)

(GL)

U
f = 27rsincxcos a. [1 — (sin a ) /2]
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The force on the nose is estimated by the method summing the
slender-body contribution and the viscous crossflow drag, an
updated discussion of which is presented in Ref. 15.

Equations (33-36) were determined from an empirical
correlation of the available downwash information presented
in Refs. 16-19.

wake angle

a(3.9-A3-A)

The aerodynamic characteristics of the horizontal tail are
determined in the same manner as used for the wing, taking
into account areas, aspect ratios, and angles of attack.
Longitudinal moment and trim characteristics also are
calculated using the present nonlinear aerodynamics.

The method has been programmed and consists of ap-
proximately 400 cards for the wing aerodynamics, 200 for the
tail and trim characteristics, and 40 for the nose. Calculations
for six Mach numbers and 20 angles of attack require 1 sec on
the IBM 360 and 0.05 sec on the CDC 7600, with a 3.3-k bit
memory.

tail offset from wake

I ~b/2 I b/2 \ b/1

downwash angle at tail

ot(3.9-A3~A)
e=-

4- -(

7.5
(34)

de (3.9-A*-*) T ^ ^ b/2 2

(35)

IV. Comparisons of Experiment and Estimate
Several comparisons of experimental data and estimates are

presented in Figs. 8-14. The characteristics for the F-4 were
taken from Ref. 20, for the F-5 from Refs. 21 and 22, and for
a conceptual fighter model from Ref. 23. (The wing leading-
edge sweep angles for the three cases are 51.4°, 31.9°, and
50.0° , respectively.)

For expediency, the estimates are based on assumed average
values applied across the wing span rather than on parameters
with designated variations across the span. For example,
calculations are based on the average leading-edge radius and
the designated chordwise shock locations are assumed to be
the same for all wing span stations. Many refinements can be
incorporated into the method, but its usefulness can be
demonstrated by the present simplified estimates.

The comparison in Fig. 8 indicates that the agreement
between experiment and estimate would be improved for a
shock location near midchordc One might be able to deduce
this from flow visualizations, pressure distributions, or from
inspection of the longitudinal area distribution relative to the
chordwise locations of the mean aerodynamic chord. The
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32 0 .4 .8
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Fig. 11 Lift and induced drag for the F-5A at M= 1.15.
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Fig. 13 Lift and induced drag for model L at Af = 0.8,
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Fig. 12 Lift and induced drag for the F-5A at M= 1.25.
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Fig. 14 Lift and induced drag for model L at M = 1.8.
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reduction in lift-curve slope accompanying onset of the
surface Mach number limit (zone 4) is apparent in the
estimates. The results in Fig. 9 indicate that the shock is well
rearward on the wing, at least on the inboard portion, or
additional lift is being gained from aircraft components not
covered in the present method.

The estimate in Fig. 10 remains in zone 3 throughout the
range of angles of attack. The falling off of the experimental
lift and the increased drag possibly might be attributed to
separation unaccounted for in the present method. The results
shown in Figs. 11 and 12 indicate excellent agreement between
estimate and experiment, even though the latter has a small
camber lift coefficient at zero angle of attack.

The results shown in Figs. 13 and 14 indicate good
agreement for the limited range of angles of attack covered in
the experiment. Configurations testing above 20° is needed
for additional models in order to correlate these and other
analytical approaches for estimating aerodynamics to high
angles of attack.

V. Concluding Remarks
An analytical method has been formulated for estimating

lift and induced drag to high angles of attack, with emphasis
on transonic speeds. The method is well suited to com-
puterized preliminary design and optimization studies. New
features in the method include separate compressibility
factors for the upper and lower wing surfaces; applications of
Latione's limit Mach-number criterion to the curvilinear flow
around the leading edge and to the rectilinear flow along the
airfoil upper surface to the shock wave; and the use of a
nonpotential lift equation derived from the integration of
downwash momentum in the transonic-flow approximations.
The method accounts for nose lift, for the wing downwash
field and tail lift, and for longitudinal trim and demonstrates
reasonable agreement with experiment.
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